Abstract: This paper presents the fading channel of double-pass modulating retroreflector free-space optical systems under weak turbulence conditions that can be modeled by the distribution of the weighted product of two correlated Lognormal random variables. We first show the proposed channel model through using wave-optics simulation. Then, the probability density function (PDF) and cumulative distribution function (CDF) of the channel model are derived in closed form. The system bit error rate (BER) and outage probability are calculated by averaging the conditional BER of on-off keying (OOK) modulation over the PDF and substituting the signal-to-noise ratio threshold into the CDF, respectively. The obtained analytical formulas for the system performance are validated by Monte Carlo simulations. Moreover, the effect of the fading correlation and the aperture averaging on the performance is investigated.
Introduction
Free-space optical (FSO) communication systems have been extensively studied to provide high speed mobile connectivity that is applicable to such as wireless access network, unmaned aerial vehicle communications, ground-to-satellite, and satellite-to-satellite links. To keep the system compactness, the single-input single-output (SISO) FSO system is preferred, but its terminals need be equipped with high precise pointing, acquiste, and tracking (PAT) systems. The resulting large power consumption, weight and size are comparable to those of radio frequency (RF) and millimeter wave (mmWave) systems provided with higher robustness to the weather conditions. This prevents the SISO FSO systems from being widely used in limited-payload mobile platforms [1] , [2] . One promising solution is to construct an asymmetric FSO system through replacing one traditional transceiver with a modulating retroreflector (MRR) that is composed of a light modulator and a retro-reflective device such as a corner cube reflector (CCR) [3] . The small, battery operating, and semi-passive MRR releases the sophisticated PAT in the MRR terminal, and also could be used to combat the pointing error that is an important concern in conventional SISO FSO systems [4] - [7] .
In the literature, a great deal of previously published works focused on MRR fabrication [3] , [8] and MRR FSO systems establishment [2] , [9] . For the system design and optimization, the performance evaluation based on an appropriate channel model is of crucial importance. The link budget analysis of MRR FSO systems in vacuum has been introduced in [10] . In turbulence conditions, a group of papers computed the statistical moments of the optical field in the doublepass propagation [11] - [13] . However, the channel fading model can not be uniquely determined by the statistical moments [11] . The experiments of the double-pass propagation conducted in [11] , [14] and [15] implies the channel fading for the double-pass link (including the forward and backward passes) and only the backwark link could be individually described by the Lognormal distribution. On the other hand, [16] indicates that the optical beam in the double-pass propagation is jointly affected by the turbulence effect in the forward pass from the transceiver to the MRR, the reflection effect of the MRR, and the turbulence effect in the backward pass from the MRR to the transceiver. The turbulence effect in a single pass can be described very well by Lognormal distribution in weak turbulence conditions [17] . Thus, the "three-segment" model proposed in [16] had been used to calculate the bit error rate (BER) of MRR FSO systems in weak turbulence conditions was reported in [18] . However, its Lognormal-based model had not been testified and the assumption of uncorrelated fading between the forward and backward passes is not appropriate in monostatic configuration and most practical systems employing finite-size receiver apertures, e.g., [19] - [22] .
In this paper, the performance of MRR FSO systems under weak turbulence conditions is analytically evaluated taking into account the fading correlation between the double passes. To do this, we firstly study the channel of the double-pass MRR FSO link with the aid of wave-optics simulation and then the channel is modeled by the product of a constant reflection ratio of the MRR, the Lognormal-distributed fading in forward and backward passes (see Section 2). The BER and outage probability (OP) are calculated based on the distribution of the weighted product of two correlated Lognormal random variables (RVs) (see Section 3). Some analytical results verified by Monte-Carlo simulations are provided to investigate the fading correlation and the aperture averaging (see Section 4). Finally, we conclude this paper (see Section 5). Fig. 1 shows the schematic of a typical simplex MRR FSO system that consists of the transceiver and MRR terminals. A continuous wave (CW) laser beam, also called interrogating beam, lauched from the transceiver propagates towards the MRR. A part of the beam incident on the MRR is modulated by the optical modulator and reflected by the CCR back to the transceiver. The information-bearing reflected optical beam through the collecting lens is detected by the photodetector with a large enough size to capture the total collected intensity. The optical signal is converted into the electrical signal that will be demodulated to recover the information data sent from the MRR. The optical carrier is emitted from the transceiver to the MRR and is then modulated and retro-reflected from the MRR to the transceiver, which refer to the forward-and backward-pass channels respectively. The single-pass FSO channel could be described very well by Lognormal distribution under weak turbulence conditions [17] . Intuitively, the forward-and backward-pass channel fading should also follow the Lognormal distribution in weak turbulent atmosphere.
System Configuration and Channel Model
Here, we use wave-optics simulation method to testify the applicability of the Lognormal-based model and evaluate the fading correlation between the two opposite-pass channels. The wave-optics simulation for a single-pass FSO link is elaborated based on the split-step beam propagation method in [23] . The simulation for the double-pass MRR FSO link can be divided into the wave propagation from the transceiver to the MRR, inside the CCR and from the MRR back to the transceiver [21] . A framework of the double-pass link in wave-optics simulation is shown in Fig. 2(a) , where a number of random phase screens are arranged between the transceiver and CCR planes. The intensity and phase of the optical field on all the planes (the screen also treated as the plane) are discretized over a grid of N d × N d , where d and N denote the grid spacing and the number of grid points, respectively. At the transceiver plane, a Gaussian-beam wave U in (j d , l d ) is launched and the returned optical wave U out (j d , l d ) is received, where j, l = 0, 1, 2, · · · , N . For the phase screens that record the atmospheric turbulence along the propagation path, we generate random harmonic amplitudes over the N × N grid in the spectral domain based on the modified von Kármán power spectrum, and then, take the inverse 2-D discrete Fourier transform to obtain the phase fluctuations [17] , [24] . The optical wave denoted by U CCR (j d , l d ) radiates on the CCR plane, and then the CCR rotates and retro-reflects the indicent wave wrapped in the CCR aperture, as shown in the two figures on the right hand side of Fig. 2(b) (see more details in [21] ). In general, the reflection effect of the CCR with the aperture diameter D CCR could be expressed as [25] 
The circular step function circ(D ) = 1 and 0 when (
Also, θ is the incident angle with respect to the CCR aperture and n denotes the refractive index of the CCR. Finally the split-step beam propagation method is used to simulate the wave propagation between two adjacent planes and integrate the effect of each plane [21] , [23] . In the i -th simulation realization, the channel coefficients of the forward and backward passes are respectively calculated as and
where D TRX denotes the aperture diameter of the transceiver, as shown in Fig. 1 . To calculate the fading correlation coefficient ρ I between the two channels I 1 and I 2 , we first calculate the mean and the standard deviation of the corresponding channels that we denote byĪ and σ I , respectively. Then, ρ I is obtained as the sample Pearson correlation coefficient [26] 
where N s denotes the total number of simulation realizations.
To consider the weak turbulence conditions (i.e., Rytov variance σ
is less than one [17] ), we set the link span L = 1 km and the structure parameter of the air refractive index C 2 n = 1 × 10 −14 m −2/3 . Note that one Lognormal distribution describes one unidirectional pass (i.e., the forward or backward pass) and hence we calculate the σ 2 R using the link span L but not the signal propagation length 2L for the MRR FSO systems. The resultant σ 2 R = 0.2 when using the optical wave with λ = 1550 nm. We take N = 512 with d = 1 mm and use N s = 20 phase screens. Moreover, we assume perfect alignment between the transceiver and the MRR (i.e., the light beam is normally incident upon the CCR aperture). Note that the value of R eff decreases with the incident angle θ. We have run 10000 simulation realizations to guarantee the accuracy of our results. In Fig. 3 , we plot the probability density functions (PDFs) of the channel fading data obtained from wave-optics simulations and the corresponding Lognormal-fit curves for the MRR FSO link with D CCR = 50 cm and D TRX = 75 cm. We notice that the Lognormal model could fit the simulation data very well. Moreover, we evaluated the normalized variance of the irradiance σ 2 I (i.e., it is equivalent to the square of the standard deviation of the channel coefficient I ) and the fading correlation coefficient ρ I . As listed in Table I , the relatively large ρ I was also found in the experiments [15] . Also, the decrease of ρ I with the increasing aperture D TRX was consistent with the theoretical calculation [27] . Here, we could draw a conclusion that the fading in the forwardand backward-pass channels in MRR FSO systems can be individually modeled by Lognormal distribution and are practically correlated. Now, we proceed to deriving the PDF and cumulative distribution function (CDF) of the channel fading in double-pass MRR FSO systems. Let us denote the normalized intensity and log amplitude of the received optical field in a single-pass channel by I and X , respectively. We have where X follows a normal distribution with the mean μ X and the variance σ X . Accordingly, the PDF of I is given by [17] 
In practice, we could only estimate the mean μ I and the variance σ I of I . With the aid of [28, (44.35 )], the corresponding μ X and σ X can be calculated by
Considering the double-pass MRR FSO systems, the channel fading I c can be regarded as the weighted product of the forward-and backward-pass fading [16] , [18] 
where I 1 and I 2 are the channel coefficients of the forward and backward passes, respectively, and they are governed by two correlated Lognormal distributions with a correlation coefficient ρ I . We set X c = X 1 + X 2 . Moreover, the normalized reflection ratio of the CCR R = R eff (θ)/R eff (0) could be a constant for an established system in a certain transmission duration (e.g., the maximal value of R = 1 corresponding to the perfect alignment between the transceiver and the MRR). From (8), we find that the double-pass channel fading follows the PDF of the weighted product of two correlated Lognormal RVs, which can be deduced from the PDF of the sum of two correlated normal RVs. Note that the sum of Lognormal RVs and the product of independent Lognormal RVs have been studied (e.g., [29] , [30] ), but the weighted product of correlated Lognormal RVs have not been addressed.
To obtain the PDF of X c , we start from the bivariate normal distribution as given by where ρ X represents the correlation coefficient between X 1 and X 2 . We then substitute X 2 = X c − X 1 into (9) and take the integration with respect to X 1
where the mean and the variance of X c are given as
Interchanging the variables in (8) and then, substituting X c = (ln I c − ln R )/2 into (10), the PDF of I c can be expressed by
and its CDF is given as
where erf(·) represents the error function. Note that in (11) ρ X is not directly measured in practice, but it can be related to the measurable ρ I via
Now, the parameters μ X c and σ X c of the PDF and CDF can be calculated by (7), (11), and (14).
Derivation of BER and Outage Probability
We consider a double-pass MRR FSO link using uncoded on-off keying (OOK) modulation. As shown in Fig. 4 , the unmodulated CW laser beam propagates through the forward pass and arrives at the MRR. Then, the laser beam is modulated using the OOK by the optical modulator (e.g., multiple quantum well (MQW) modulator [2] ) and retro-reflected by the CCR through the backward pass to the transceiver. We perform optimal detection assuming perfect channel state information (CSI). Also, we use the narrow pass-band optical filter in front of a PIN photodetector to reduce the background radiations, and consequently we assume that the dominant noise source at the detector is the thermal noise and model it by an additive white Gaussian noise with zero mean and variance σ 2 n [31] . We set the intensity for signal '1' and the quantum efficiency to one. The received electrical signal-to-noise ratio (SNR) per bit is defined as γ = I 2 c /4σ 2 n and its average is
2 n . Then, the average BER is obtained by averaging the conditional BER of OOK modulation over the PDF of I c [32] 
where erfc(·) denotes the complementary error function. The integral (15) can be efficiently computed by Gauss-Hermite quadrature formula [33] . By the variable change y = (ln
, we obtain the BER formula
where y i and w i are the i th roots of the Hermite polynomial and the corresponding weight factors, respectively. Meanwhile, the OP of communication systems is defined as the probability that the received SNR γ falls below a specified threshold γ th [32] . The formula of the OP P out can be obtained by
Numerical Results
At first, to verify the accuracy of the proposed formulas, the BER and OP of the double-pass MRR FSO systems under different turbulence conditions with different fading correlation ρ I are calculated by the analytical formulas and evaluated by Monte-Carlo simulations as well. For the Monte-Carlo based performance evaluation, two correlated Lognormal RVs can be easily generated from two correlated Gaussion RVs based on (8) and (14) . Two cases of the considered turbulence conditions are indicated in Fig. 5 . Note that the channel parameters of the two cases are specially set, and in particular the case with σ I 2 = 1.2 is considered in order to check whether the accuracy of the proposed analytical formulas is guaranteed over the whole range of the weak turbulence conditions. Without loss of generality, we have set R = 1 for all case studies. The curves of system BER and OP are shown in Fig. 5(a) and (b), respectively. We notice that all analytical results are very well coincide with those obtained by Monte-Carlo simulations. The slight deviations at very low performance values (e.g., P out < 10 −6 ) should be caused by the limited samples used in simulations. From both figures, the system performance is impaired by the fading correlation, and deteriorating with increasing ρ I . In the Case (2), ρ I = 0.3 and 0.9, respectively, lead to the SNR penalties of 5 dB and 13 dB at the BER of 10 −5 compared to ρ I = 0. Next, we directly use the proposed analytical formulas to study the aperture averaging arising from the transceiver aperture. The system configurations set in wave-optics simulation are used here. Consider four cases with different transceiver apertures D TRX = 5, 25, 50, and 75 cm, the corresponding variances of channel fading in the two opposite passes and the fading correlation coefficients between the two opposite channels were listed in Table I , together with the normalized channel fading set for all cases. The system BER and OP results are given in Fig. 6 . As expected, the performance improvement is obtained through increasing the transceiver aperture (see the four cases with actual correlation coefficients in Fig. 6 ), and this verifies the effect of aperture averaging. Compared with the performance results for D TRX = 25, 50, and 75cm with ρ I = 0.79 as plotted in Fig. 6 , we find that the aperture increase leads to the averaged intensity fluctuation and the reduced fading correlation (see Table I ) that simultaneously improve the system performance.
Conclusion
Through the wave-optics simulation for the double-pass MRR FSO link, we confirmed that the channel fading in the forward and backward passes follows the Lognormal distribution and are practically correlated. The correlated fading in the double-pass MRR FSO systems were considered as two correlated Lognormal RVs. By deriving the exact PDF and CDF of the weighted product of two correlated Lognormal RVs, we obtained the formulas for the BER and OP of MRR FSO systems employing OOK modulation, which are validated by Monte-Carlo simulation results.
Furthermore, we indicate that the fading correlation indeed impair system performance, and the aperture averaging effect of the transceiver arises from the averaged intensity fluctuation and the reduced fading correlation simultaneously.
